The universal central extensions of matrix Lie algebra sl (n, A) over an associative unital algebra A in the categories of Lie algebras and Leibniz algebras were researched in many papers. The universal central extension of matrix Lie superalgebra sl (m, n, A) over A in the category of Lie superalgebras has been considered recently. Meanwhile, the concept of Leibniz superalgebra has been also introduced. In this paper, we mainly consider the universal central extensions of matrix Lie superalgebras sl (m, n, A) and the Steinberg Lie superalgebra st (m, n, A) in the category of Leibniz superalgebras. We also obtain some interesting results such as those in Leibniz algebras case.
Introduction
The concept of Leibniz algebra was first introduced by Loday [Lo2] in the study of the so-called Leibniz homology of Lie algebra as a "noncommutative" analog of Lie algebra homology initially found by Cuvier [C] and Loday [Lo1] respectively. Loday-Pirashvili [LP] established the concept of universal enveloping algebras of Leibniz algebras and interpreted the Leibniz (co)homology HL * (resp. HL * ) as a Tor-functor (resp. Ext-functor). By definition Lie algebras are naturally Leibniz algebras.
Central extensions play an important role in the theory of Lie algebras, and it is therefore not surprising that there are many results on central extensions of various classes of Lie algebras. Recently several authors have considered central extensions of Leibniz algebras ([Lo2] , [Gao1] , [Gao2] , [LH1] , [LH2] , etc.) and Lie superalgebras ( [IK] , [Pi] , [MP] , etc.).
The universal central extensions of simple Lie algebras over commutative rings were studied in [Gar] and [Kas] . To be precise, letġ be a simple finite dimensional Lie algebra over the field of complex numbers C. It is known that the kernel of universal central extension of the Lie algebrȧ g ⊗ A, where A = C[t ring are also studied by some authors. Let g be a basic classical simple Lie superalgebra ( [Kac] ) over C, then the universal central extension g of g ⊗ A is given by [IK] as follows:
is not of type A(n, n) ( ∀ n ), sl (n + 1, n + 1), if g is of type A(n, n) (n > 1), D(2, 1, −1), if g is of type A(1, 1).
The concepts of Leibniz superalgebra and its cohomology were first introduced by Dzhumadil'daev in [D] . Moreover, the pre-simplicial structure on the cochain complex of color Leibniz algebras was constructed in [D] . In [LH4] some theory of super dialgebras and super Leibniz superalgebras and their (co)homology are studied. The universal central extensions of g ⊗ A for a basic classical Lie superalgebra in Leibniz superalgebras category are also obtained.
The universal central extensions of the matrix Lie algebras over an associative algebra A in the categories of Lie algebras and Leibniz algebras were given in [Gao2] , [LP] , [LH1] , etc.
The universal central extension of the matrix Lie superalgebras over an associative algebra A in the category of Lie superalgebras was studied in [MP] . Motivated by [MP] and [LP] , we consider the universal central extension of the matrix Lie superalgebra sl (m, n, A) in the category of Leibniz superalgebras and prove the main Theorem of this paper: Theorem 1.2. If m + n ≥ 3, the universal central extension of sl (m, n, A) in the category of Leibniz superalgebras is stl (m, n, A) (see Section 2) with kernel HH 1 (A), where HH 1 (A) is the first Hochschild homology group of A (cf. [Lo3] ) (see Section 4).
In Section 2, we recall some notions of Leibniz superalgebras and Steinberg Leibniz superalgebras. In Sections 3 and 4, we mainly discuss the universal central extension of sl (m, n, A) in SLeib (the category of Leibniz superalgebras). In Section 5, we study the universal central extension of the Steinberg Lie superalgebra st (m, n, A) in SLeib.
Throughout this paper, C, Z denote the field of complex numbers and the ring of integers respectively. K denotes a field with characteristic 0. A denotes an associative unital algebra over a field K.
Leibniz superalgebras
We recall some notions of Leibniz algebras and Leibniz superalgebras (see [Lo1] - [Lo4] , [Gao1] , [Gao 2] , [LP] , [LH1] , [LH2] and [LH4] ).
Leibniz algebras and Leibniz superalgebras.
A Leibniz algebra L is a vector space over K equipped with a K-bilinear map
(2.1)
Obviously, a Lie algebra is a Leibniz algebra. A Leibniz algebra is a Lie algebra if and only if
Denote by Leib, Lie the categories of Leibniz algebras and Lie algebras over K, respectively.
For a Leibniz algebra L, let L Lie be the quotient of L by the ideal generated by elements
is universal among the maps from L to Lie algebras. In other words, the functor (−) Lie : Leib→Lie is left adjoint to inc : Lie→Leib.
and the Leibniz identity
where |a| denotes the degree of a for the homogenous element a ∈ L.
Clearly, L0 is a Leibniz algebra. Moreover, any Lie superalgebra is a Leibniz superalgebra, and any Leibniz algebra is a trivial Leibniz superalgebra. A Leibniz superalgebra is a Lie superalgebra if and only if [ a, b ] 
Example. An interesting example of a Leibniz superalgebra, which is not a Lie superalgebra, is a toroidal Leibniz superalgebra. Let g be a basic classical simple Lie superalgebra (over C) and
with Leibniz bracket
, is a Leibniz superalgebra, where ( , ) is an even invariant bilinear form of g,ḡ defined as in Section 1. More about this Leibniz superalgebra are given in [LH4] . The cohomology of Leibniz superalgebras are defined in [D] and [LH4] .
As in the cases of Lie algebras and Lie superalgebras and Leibniz algebras, the universal central extensions of Leibniz superalgebras also paly an important role in the theory of Leibniz superalgebras.
Definition 2.1. An central extension of a Leibniz superalgebra L is a short exact sequence in the category SLeib: 
For any central extension
Remark. A UCE is unique up to isomorphism of Leibniz superalgebras if it exists. The Leibniz superalgebra g in the above example is the universal central extension of g ⊗ A in SLeib [?].
Proposition 2.3. [?] A Leibniz superalgebra L admits a universal central extensionL if and only if L is perfect.
We notice that the mapping γ in Definition 2.2 is unique. In fact, we have:
Proof. Suppose that there two homomorphisms h
Since Y is perfect, h 1 = h 2 .
Steinberg Leibniz superalgebras.
Consider the matrix Lie superalgebra
where A, B, C, D are matrices in size m × m, m × n, n × m, n × n respectively with coefficients from the associative unital algebra A, and m, n ≥ 0, m + n ≥ 2. The supercommutator in this algebras is defined as
We define the supertrace of X by strX := trA − trD.
By definition, the special linear Lie superalgebra with coefficients in A is
Notice that if n = m the Lie superalgebra sl (m, n, A) is simple.
The Lie superalgebra sl (m, n, A) has generators E ij (a), 1 ≤ i = j ≤ m + n, a ∈ A, which satisfy the following relations:
where
For τ ij , it is clear that τ ij = τ ji and
By definition, the Steinberg Lie superalgebra st (m, n, A) is a Lie K-superalgebra generated by symbols u ij (a), 1 ≤ i = j ≤ m + n, a ∈ A, subject to the relations
Now we define the Steinberg Leibniz superalgebra stl (m, n, A) as a Leibniz superalgebra given by the generators v ij (a), 1 ≤ i = j ≤ m + n, a ∈ A with the relations (1)-(4) as above. Note that
It is clear that the relations (3)-(4) make sense only if m + n ≥ 3. Now we define homomorphisms ϕ (resp. ψ) of Lie (resp. Leibniz) superalgebras
We denote this projection by π : stl (m, n, A) → st (m, n, A).
Lemma 2.5. The Steinberg Leibniz superalgebra stl (m, n, A) with m + n ≥ 3 is perfect.
3 Universal central extension of sl (m, n, A) in SLeib
To prove Theorem 3.1, we first calculate Ker ψ and show that [Ker ψ, stl (m, n, A)] = 0.
Denote by P (resp. Q) the K-submodule of stl (m, n, A) generated by v ij (a) with i < j (resp. i > j). It is clear that: P = P0 ⊕ P1 and Q = Q0 ⊕ Q1; the restrictions of ψ to P and Q are injective; the images of v ij (a) from P (resp. Q) under ψ are uppertriangular(resp. lowertriangular) matrices in sl (m, n, A) with 0 on the main diagonal.
Lemma 3.2. Every element X ∈ stl (m, n, A) with m + n ≥ 3 can be uniquely written in the form
(3.1)
Proof. We show that stl (m, n, A) is a direct sum of K-submodules P, H and Q.
At first, we note that P + H + Q is an ideal of stl (m, n, A). It follows from the fact that for any v ij (a) and X ∈ P + H + Q we have [v ij (a), X] ∈ P + H + Q. Indeed, we need to check this only for X = v kl (b), k = l and for X = H kl (b, c), k = l. But this holds by the definition of stl (m, n, A) and direct calculations.
To check the uniqueness part of decomposition (3.1), suppose that we have
Then ψ(p+h+q) = 0, i.e., ψ(p)+ψ(h)+ψ(q) = 0. But ψ(p) is the uppertriangular of ψ(p+h+q) = 0, therefore, ψ(p) = 0. But by injectivity of ψ we get p = 0. Analogously, q = 0, and thus h = 0.
Proof. By Lemma 3.3, any element t ∈ Ker ψ is expressible by Now we prove Theorem 3.5 for m + n ≥ 4. 
where C ij (a, b) ∈ Ker φ. Taking a = 1, we have
Now we set w ij (a) = e ij (a) + Ker φ = [e ik (1), e kj (a)] + Ker φ and shall show that for all i = j, and a ∈ A, w ij (a) satisfy the relations (1)-(4) in the definition of Steinberg Leibniz superalgebra, i.e.,
[w ij (a), w kl (b)] = 0, if i = l, and j = k;
[w ij (a), w kl (b)] = w il (ab), if i = l, and j = k;
[w ij (a), w kl (b)] = −(−1) τij τ kl w kj (ba), if i = l, and j = k.
(5) is clear.
By (3.5), we have
combining with (3.2), we get (7):
Note that
where we use τ il + τ kl = τ ik . Taking c = 1 in the above, we get (8):
Now we shall show that (6) is true.
So we have
Taking a = b = 1 in (3.9), we have
Taking b = 1 in (3.9), together with (3.10), we obtain (6).
Now we define a homomorphism
From the above, we see that this mapping is well defined, and φ • ρ = ψ. The uniqueness of the mapping ρ follows from Lemma 2.4 and Lemma 2.5.
Kernel of universal central extension (stl (m, n, A), ψ)
To calculate the kernel of the universal central extension of Leibniz superalgebra sl (m, n, A), we introduce a modified Hochschild homology.
The modified Hochschild boundary is the K-linear map d n : A ⊗(n+1) → A ⊗n given by the formula:
It is easy to check that d n • d n+1 = 0. Thus we consider the n-th homology group
Remark: In [Lo3] , the (usual) Hochschild boundary d n is defined as
Using these objects we can write down the following exact sequence:
matrices written in the block form

A B C D ,
where A, B, C, D are matrices in size m × m, m × n, n × m, n × n respectively with coefficients from A, and m, n ≥ 0 and m + n ≥ 2.
Now we define homomorphism str
where homomorphism tr 2 is defined in [KL] by
Lemma 4.1. The following diagram is commutative: 
Proof. a) It is clear.
b)
c) We put a = b = 1 in (b) and get
Changing k, j in the above formula, we have
Lemma 4.4. For any j, k,
Proof.
From Lemma 4.4, it is possible to define the elements
which do not depend on j( = 1).
Proof. The statement a) directly follows from the definition of h(a, b) and Lemma 4.3.
To prove b), we note that
By (4.4), we get
c) It is clear.
To prove that T (m, n) and HH 1 (A) are isomorphic, we consider the following diagram:
where the mappings µ and η are defined by µ(a) = E 11 (a) and η(a ⊗ b) = h (a, b) . From Lemma 4.5 it follows that the mapping η is well defined.
Lemma 4.6. The diagram (4.5) is commutative and the restriction to HH 1 (A) of η is a surjective homomorphism onto the kernel T (m, n).
Proof. By direct calculation we can obtain the commutative diagram.
Now we prove η is surjective. , n) , i.e., for the restriction of η to HH 1 (A) we have a mapping into the kernel T (m, n).
For any element t ∈ T (m, n), then t ∈ H by Lemma 3.3, where H is the K-module generated by H ij (a, b) , i = j, a, b ∈ A. Taking into account the properties of b), c) of Lemma 4.3, any generator H ij (a) can be written in the following way.
If i = 1, we set k = 1 in b) of Lemma 4.3 and get
Thus any element t ∈ T (m, n) has a presentation in the form
Since ψ(t) = 0, we have
So we have c j = 0, hence for all j ≥ 2 we get H 1j (1, c j ) = 0 and
Hence the restriction to HH 1 (A) of η is a surjective homomorphism onto the kernel T (m, n).
To prove injectivity of η we consider the following diagram: Proof. Define the mapping θ in a similar way as in [KL] :
To prove the commutativity of the diagram (4.6), it is sufficient to check it on elements v ij and H ij (a, b) from stl (m, n, A). Indeed:
Especially, if A is commutative we also have the following result, which is consistent with that in [LH4] .
Remark. If we take n = 0 in sl (m, n, A), we can recover the same results in [LP] for Leibniz algebras.
Universal central extension of st (m, n, A) in SLeib
Now we recall some notions of cyclic homology ([Lo3] ).
We define the complex of the K-modules C * (A), where C 0 (A) = A and for n ≥ 1 the module C n (A) is the factor module of the K-module A ⊗(n+1) by the K-submodule generated by elements Proof. The proof is essentially the same as in [LP] .
Let g = stl (m, n, A), then g SLie = st (m, n, A). From [MP] Remark. Taking n = 0 in Theorem 5.4, we obtain that (4.6) in [LP] also holds for all n ≥ 3 (or see [Gao2] ).
